We investigate the interaction of trains of femtosecond microjoule laser pulses with dielectric materials by means of a multi-scale model. Our theoretical predictions are directly confronted with experimental observations in soda-lime glass. We show that due to the low heat conductivity, a significant fraction of the laser energy can be accumulated in the absorption region. Depending on the pulse repetition rate, the material can be heated to high temperatures even though the single pulse energy is too low to induce a significant material modification. Regions heated above the glass transition temperature in our simulations correspond very well to zones of permanent material modifications observed in the experiments.
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The use of femtosecond (fs) laser pulses for modifications of transparent materials is nowadays a well established technique with many applications in science and engineering. Material modification caused by a pulsed fs laser, i.e. a train of fs pulses, can be controlled by numerous experimental parameters such as repetition rate (RR) 1 , incident energy 2 , or focusing conditions 3 . Thus, ultrashort intense laser pulses are a versatile, highly adaptable processing tool for micro-machining of various materials 4 , including human tissues in the context of ophthalmic surgery 5 . When a fs laser pulse is focused into a dielectric material to intensities exceeding a few TW/cm 2 , a considerable number of electrons undergo photo-and impactionization processes 6 : electrons from the valence band (VB) are promoted to the conduction band (CB) 7 . Once the carrier density in the CB becomes non-negligible, these electrons strongly influence the pulse propagation dynamics, and the laser energy is efficiently absorbed in the near focal-region 8 . At the end of the irradiation process, typically after a hundred fs, the electrons in the CB transfer their energy to the lattice through collisional processes, leading to an increase of the material temperature in the focal volume 9 . On longer time scales, this energy is transferred toward the surrounding cold matter through heat diffusion 10 . Provided that the amount of laser energy absorbed in the focal volume is sufficiently large, permanent material modifications are induced. This can be achieved either with a single fs microjoule laser pulse, or by using cumulative heating techniques 11 , i.e., multiple pulses or pulse trains. Due to the low heat diffusivity in dielectric materials (∼ 10 −3 cm 2 /s), the cooling time over the typical size of the focal spot (a few microns) is of the order of ∼ 10 µs. Therefore, by adjusting the time interval between consecutive laser pulses appropriately (kHz-MHz RR), one may accumulate the laser energy a) Electronic mail: dematteo@celia.u-bordeaux1.fr in the absorption region and reach very high temperatures, even if the single pulse energy is too low to induce a permanent material modification 12 . Several theoretical investigations concerning the interaction of fs laser pulses with dielectrics can be found in the literature. For instance, Brouwer et al. 7 provided a detailed study of fs pulse propagation and electronic excitation during the interaction. Bulgakova et al. 13 evaluated the energy deposition by a single fs pulse, in order to model the heat source in subsequent simulations of thermal accumulation. Eaton et al.
14 or Jamshidi-Ghaleh et al. 15 , simulated heat accumulation from pulse trains by using phenomenological expressions for the deposited energy obtained from experimental observations. Here, for the first time, we confront rigorous quantitative theoretical predictions of permanent material modifications induced by a train of fs laser pulses with experimental results.
In this paper, we develop a multi-scale model covering the key physical processes eventually leading to the observed permanent modification of the glass through heat accumulation. This modification may be caused by, e.g., structural change, creation of color centers, etc. In our model, we simply assume that permanent modification occurs for lattice heating above a given threshold temperature. Our approach is based on separation of the different time-scales involved, i.e., fs or ps for pulse propagation and energy deposition, and µs or ms for the thermal processes. First, we simulate the highly nonlinear fs pulse propagation accounting for multi-photon and collisional ionization as well as the optical Kerr effect. In a second step, we extract a map of the deposited energy density in the focal volume. This energy density map is then used as a source term in a heat equation in order to compute the ms evolution of the thermal distribution. The model is evaluated for trains of up to 500 pulses with microjoule energies and kilohertz RRs focused into soda-lime glass to investigate the heat accumulation regime. Results are directly confronted with experiments for quantitative comparison. Good agree-ment is obtained for threshold temperatures located in between strain and annealing point of the material.
Let us start with a more detailed description of fs laser pulse propagation in transparent media, thus considering the fs-ps timescale. To this end, we resort to an extended nonlinear optical Schrödinger equation accounting for self-focusing due to the optical Kerr effect and light defocusing via laser-generated conduction electrons 16 . For the considered case of a linearly polarized light and moderate focusing conditions, the scalar and paraxial approximations are justified. Moreover, by comparing to a more complete unidirectional model 16 we checked that higher order effects like self-steepening can be neglected. Thus, the slowly varying complex optical field envelope ε(r,t, z) is governed by the following equation
where n 0 and n 2 are the linear and nonlinear refractive index, respectively, k ′′ corresponds to the second order group velocity dispersion in the material, N c is the critical electron density in the conduction band, E g is the band gap, I(r,t, z) is the laser pulse intensity, where the optical field envelope ε is normalized such that I = |ε| 2 . The timet is the retarded time in a frame moving with the group velocity of the pulse at center frequency ω 0 and wave number k 0 = n 0 ω 0 /c. The laser energy absorption by conduction band electrons is described by the Drude model with the cross section
, where τ c is an effective electron collision time. The evolution of the electron density in the conduction band N e (r,t, z) reads
where N nt is the initial density of valence electrons, W P I is the photo-ionization rate derived from Keldysh formula 6 , and τ rec is a typical recombination time. Solving Eqs. (1) and (2) gives the spatial distribution of laser energy density absorbed by the CB electrons during the whole propagation of a single laser pulse. This deposited energy density U (r, z) is assumed to be fully transferred to the lattice much faster than the characteristic heat diffusion time. Thus, irradiation by each laser pulse increases the lattice temperature T (r, t, z) by T L (r, z) = U/ρC v , where ρ and C v are the density and heat capacity of the material, respectively. The spatial and temporal evolution of T is then determined by
Here, the first term on the right-hand-side describes the temperature diffusion process with the thermal diffusion coefficient D, and the last term corresponds to the heat source caused by a train of N pulses separated by ∆t. Because the expected material modifications are rather weak, we neglect any temporal variation of the diffusion coefficient D and the source term T L . Both quantities are evaluated at room temperature. By solving Eq. (3), the lattice temperature evolution of the material irradiated by a fs pulse train is obtained. If the thermal diffusion process in Eq. (3) is slower than the heating process, the increase in the temperature can be significant for long pulse trains containing several hundreds of pulses. We assume a permanent material modification in regions where the temperature becomes larger than a given threshold temperature. This condition defines both the size and the shape of the material modification with respect to the laser pulse train parameters.
Simulations are performed for the soda-lime glass irradiated by trains of 500 pulses with 290 fs duration at 1030 nm wavelength and 1.3 µJ single pulse energy. Pulse parameters and focusing conditions are chosen corresponding to the experiments presented below, where the position of the geometrical focus is about 500 µm below the sample surface inside the bulk material. All relevant material parameters are summarized in Tab. I. Figure 1 (a,b) presents spatial and temporal dynamics of the single fs pulse propagation in soda-lime glass obtained from Eqs. (1) and (2) . The evolution of the beam fluence shown in panel (a) confirms a focal spot size of a few microns. The on-axis temporal evolution shown in panel (b) is typical for focused fs low-energy pulses: a short (here ∼ 50 fs) intense spike at the pulse front is responsible for a significant free electron production, which in turn defocuses the trailing part of the pulse.
From the single fs pulse propagation simulation, we extract the deposited energy density U in order to construct the temperature distribution T L transferred to the lattice, i.e., the source term in Eq. (3). In the simulation, 60 % of the laser energy is absorbed in the material, which is close to 55 % measured experimentally. The main part (95 %) of the absorbed laser energy is deposited in the material located before the focal point, even though the absorbed energy density is maximum at the focus (see Fig. 1(c) ). This particular spatial distribution is induced by the promotion of electrons to the CB during the propagation, because these electrons absorb the laser energy very efficiently. After the focal point, the intensity rapidly decreases and becomes too low to (1) and (2), for an initial beam diameter of 5 mm and a focal length of 20 mm (in air). The deposited energy density by such single pulse is directly proportional to the temperature distribution TL transferred to the lattice (c). The evolved temperature distribution according Eq. (3) after 2 µs, just before the second pulse arrives, is shown in (d). The laser pulse propagates from left to right, with geometrical focus at zero.
create a significant carrier density in the CB.
Our simulations results of the single fs laser pulse propagation show that the maximum temperature reaches T = 360 K at the focus (see Fig. 1(c) ), which is much smaller than the strain temperature T s = 800 K or annealing temperature T a = 830 K in the soda-lime glass 19 . Therefore, we expect no material modification from a single fs laser pulse. However, Fig. 1(d) reveals that 2 µs later, i.e., just before the second pulse arrives, the temperature in the interaction zone is still significantly elevated. In fact, the heat transfer in the surrounding material is slow, only the spatially very narrow temperature peak at the focus has decreased to some extend, and the temperature in the overall interaction zone is still well above the initial 300 K. It would take more than 100 µs to relax to temperatures below 305 K in the whole volume after a single pulse interaction. Thus, the interaction volume will get heated to higher and higher temperatures by each pulse of the incident fs pulse train, and a thermal accumulation process takes place.
The lattice temperature obtained after 1 ms (accumulation over 500 pulses at a 500 kHz RR) is shown in Fig. 2 . The interaction zone is located about 100 µm before the focal point. The radial dimension of the heated volume in Fig. 2 is much larger than the one affected by the single fs pulse (c.f. Fig. 1(c) and (d) ). The maximum temperature after 1 ms is close to 1350 K, i.e., well above both T s and T a , and a permanent material modification can be expected in the region where T > T s , encircled by the black line in Fig. 2 .
To compare our numerical predictions with experimental observations, pulse trains produced by an Yb-doped fiber laser (Satsuma, Amplitude Systèmes) were focused into a sample of a bulk soda-lime glass with a x10 Mitutoyo objective lens (NA = 0.26; f = 20 mm). Figure 3 presents transverse images of the interaction volume after irradiation with 500 pulses for various RRs. We report no measurable modification of the matter for 100 kHz RR; permanent modifications of the material clearly appear for RRs larger than 200 kHz. The size of the structure increases with the RR towards the surface of the sample.
For a more quantitative comparison, Fig. 4 presents the measured and simulated dependence of the size (length and diameter) of the material modification versus the RR. For a threshold temperature near the strain point (T s = 800 K) or the annealing point (T a = 830 K), i.e. in the glass transition region T g , we report good agreement between experiment and model. We did the same analysis for different numbers of pulses and pulse energies, and found the same agreement (not shown here). The fact that we find a threshold temperature around T g confirms that the observed modifications are mostly due to thermal accumulation, i.e. structural changes and related induced stress. For a RR lower than roughly 200 kHz, the predicted lattice temperature remains below T g . The small modifications observed in the experiments at 100 and 200 kHz could thus be associated to non-thermal processes such as changes in the electronic structure. Actually, preliminary experimental results for the lowest RRs based on Difference Intensity Contrast microscopy exhibit slight modifications, corroborating non-thermal material modifications in this interaction regime.
In summary, a multi-scale model has been developed to describe permanent material modifications in dielectric materials irradiated by femtosecond pulse trains. Our model accounts for nonlinear laser pulse propagation as well as thermal diffusion. Simulations were performed for soda-lime glass, and directly confronted with experimental results. We report that depending of the RR, thermal accumulation in and around the focal volume leads to material modifications. It appears that the transition temperature of the glass can be considered as a good threshold for permanent material modifications. The size of the simulated modification volume is in good agreement with experimental observations in the thermal regime for RRs higher than 200 kHz. We expect that our model is applicable to a wide range of dielectrics. Thus, it will provide a new baseline for material structuring by fs lasers.
